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Abstract. We consider the phase field equations in dimensions 1, 2 and 3. We show that it is 
well-posed when assuming that the initial data is square integrable and prove the existence of 
a universal attractor and of inertial sets. 
1. INTRODUCTION 
The phase field equations are a parabolic system of equations which describe the tempera- 
ture u and an “order parameter” or phase field cp. The dimensionless temperature is scaled 
so that u = 0 is the ordinary planar equilibrium melting temperature and cp is scaled so 
that cp near +l is associated with the liquid phase and ‘p near -1 is the solid. The interface 
is defined as the set of points for which cp vanishes. We refer to Caginalp [l] for more details 
and references. 
In their simplest form the phase field equations can be written as 
rcpt = t2A(p - g(cp) + 2~ in R x R+, 
e 
ut + 5 (pt = KAu in R x R+, 
(1.1) 
(l-2) 
where R is a bounded set of RN, N 5 3, with smooth boundary K?, g(s) = (s3 - s)/2, 
and where e and I< are positive constants representing the dimensionless latent heat and 
diffusivity, respectively, while the positive parameters r and t represent a time and a length 
scale. 
In this note, we consider the case of the Neumann boundary conditions 
au a9 -= - 
dn dn 
=Oon aoxxts+ (I-3) 
where n denotes the unit outward normal on 80. When an initial value problem is considered, 
we supplement the equations with the initial conditions 
cp(t,O) = cpo(;c), u(r,O) = uo(z), 3 E Q. 
The results that we obtain extend to the case of periodic boundary conditions on suitable 
domains and to the case of Dirichlet conditions. Next we set 
Then (p, v) satisfies the problem 
qot = C2Ap - g(p) - ep + 2v 
Vt = h’Av - YAP 
in R x R+ 
in R x R+ 
on bQ x R+ 
x E R, 
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where ~0 = us + $ cps. For the mathematical setting we introduce the spaces 
H = (L2(0))2, v = (H’(R))2, 
In Section 2, we study some properties of the semi-group. In particular, we show that if 
(90, ~0) E H, there exists a unique solution S(t) (90, ~0) of Problem PO, such that S(t) 
satisfies the usual semi-group properties and for each t > 0, S(t) is a Lipschitz continuous 
operator from H into itself. 
The semi-group S(t) maps ‘Ii, into itself for each cy > 0. In Section 3, we show that there 
exists an absorbing set in 31, and in ‘I& n V and that S(t) is uniformly compact in ‘H, SO 
that the semi-group possesses a maximal attractor A, that is compact and connected. 
In Section 4, we prove the existence of an inertial set, namely a compact set which contains 
the attractor, is positively invariant by the semi-group, has a finite fractal dimension and 
attracts all solutions at an exponential rate. 
Finally, we remark that our results can be extended to the case that the function g is a 
slightly more general polynomial. For the study of this csse as well as for the detailed proofs 
we refer to [2]. Our methods of proof strongly rely on those of Eden, Foias, Nicolaenko and 
Temam [3], Eden, Milani and Nicolaenko [4] and Temam [5]. 
2. THE EQUATIONS AND THE SEMI-GROUP 
First we remark that if (cp, W) is a solution of Problem PO, then the space integral of v is 
conserved in time. This leads us to set 
qx,t> = v(x,t) - & nvo(x)dx I (x,t) E R x Fp+. 
Then Problem PO can be rewritten as 
rpt = t2A(p - g(p) - e(o + 26 + 2P in Cl x R+ 
P 
Gt = Ii-AC - +p in R x R+ 
$$++o on XI x R+ 
cp(z,O) = cpo(z), C(s, 0) = Co(x) 2 E R, 
where 
vc(t)dx and v’c = vo - ,S. (2.1) 
Next we state our well-posedness results, which extend those of Elliott and Zheng [S]. 
THEOREM 2.1. For (p0,60) given in Ho, Problem P has a unique solution (cp, 6) which 
satisfies 
for all T > 0; 
(9, c) E WO, T; Ho) n L2(o,T, v), 
cp E L*(QT) where QT : = R x (0, T) 
(cpl3) E C(R+; Ho). 
If furthermore (90, 60) E V, then 
(cp, 6) E Lm(%T P’(W2) L’(O, T, (H2(W2)- 
The pair (cp, v) = (cp, in + P) is then the unique solution of Problem PO and the mapping 
(90, ~0) + (p(t), v(t)) is Lipschitz continuous on H. 
PROOF: For the existence proof, we use a Galerkin approximation taking as basis functions 
the eigenfunctions ‘1uk, k = 1, . . . , of the operator -A with Neumann boundary conditions. 
The precise a ptioti estimates that we use will clearly appear in Section 3. 
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3. THE MAXIMAL ATTRACTOR 
We first show the existence of absorbing sets in H and in V for the pair (cp, G). Multiplying 
the equation for cp by (p, integrate by parts, multiply it by @ and add it up to the 
corresponding equation for 6. This gives after some computations 
where /3 is defined by (2.1) and 6 is a positive constant. (3.1) implies the existence of 
an absorbing set in HO . Similarly, multiplication of the equation for cp by -Ap and of 
the equation for ii by -AC, adding up the results with a suitable weight and applying the 
uniform Gronwall lemma permits to conclude the existence of an absorbing set in V 17 Ho 
for the function (cp, C). Next we translate those results in term of the pair (cp, v): with the 
assumption that (sn ~0) /Ial 5 o, there exists an absorbing set in 31, and in ‘HH, f~ V SO 
that in particular the semi-group S(i) is uniformly compact in ‘&. From [5, Theorem 1.1, 
p. 231 we deduce the following result. 
THEOREM 3.1. The space dimension is iV = 1, 2 or 3. For every Q 2 0 the semi-group S(i) 
associated with Problem PO maps 31, into itself. It possesses in ‘H, a maximal attractor A, 
that is compact and connected. 
4. EXISTENCE OF INERTIAL SETS 
From now on we consider the semi-group S(t) corresponding to Problem PO on ‘Ha. In 
this section, we prove the existence of an inertial set. Let B, be the absorbing set in ‘H, n V 
of Section 3. We know that for each (cpo, ~0) there exists to = to(lJ (cpo, VO) [IH), such that 
S(l)(cpo,vo) E B, for all t 2 t 0. Next we define the invariant set 
Xa = (US@, Bo)), t 2 to 
max 
(PO, ~0) E & 
II cP0~~0) IIH . 
> 
In order to show the existence of an inertial set, we prove below that the semi-group satisfies 
the squeezing property on X, [3,4]. 
We define HN = span {WI, . . . ,wN} and define pN as the orthogonal projection from H 
onto HN, qN = I -pi, and PN(~,v)~ = (pNp,pN~)~, QN = I - PN . The main step to 
prove the squeezing property is the following result. 
LEMMA 4.1. Let (901, ~1) and (502, ~2) be two solutions of Problem PO with initial functions 
in X, and let (a, V) = QN(P~ - cp2,vl - ‘~2). Then there exists a positive constant C?‘, such 
that for all t >_ 0 
Let 1* > 0 be arbitrary. One shows that there exists No = No(V), such that the squeezing 
property is satisfied for ({S(t)},zo, X,) in ‘H, with P = PN,,. Finally one has the following 
result. 
THEOREM 4.2. {S(t)} r>o has an inertial set B,, A, c B0 c X, of fractal dimension ,< 
constant *NO. 
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